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TD
�����

is a popularfamily of algorithmsfor approximatepolicy evalua-
tion in large MDPs. TD

�����

worksby incrementallyupdatingthe value
function aftereachobserved transition. It hastwo majordrawbacks:it
makesinef�cient useof data,andit requiresthe userto manuallytune
a stepsizeschedulefor goodperformance.For the caseof linear value
function approximationsand

�����

, the Least-SquaresTD (LSTD) al-
gorithmof BradtkeandBarto[5] eliminatesall stepsizeparametersand
improvesdataef�ciency.
This paperextendsBradtkeandBarto's work in threesigni�cant ways.
First, it presentsa simplerderivationof theLSTD algorithm.Second,it
generalizesfrom

�	�
�

to arbitraryvaluesof
�

; at theextremeof
���
�

,
the resultingalgorithmis shown to bea practicalformulationof super-
visedlinearregression.Third, it presentsa novel, intuitiveinterpretation
of LSTD asamodel-basedreinforcementlearningtechnique.

1 BACKGROUND

Thispaperaddressestheproblemof approximatingthevaluefunction ��� of a �x edpolicy
� in a largeMarkov decisionprocess[2, 13]. This is animportantsubproblemof several
algorithmsfor sequentialdecisionmaking,includingpolicy iteration[2] andSTAGE [4].

���

�����

simply predictsthe expectedlong-termsumof future rewardsobtainedwhenthe
processstartsin state

�

andfollowspolicy � until termination.Thisfunctioniswell-de�ned
aslongas � is proper, i.e.,guaranteedto terminate.1

For smallMarkov chainswhosetransitionprobabilitiesareall explicitly known,computing
�

�

is a trivial matterof solvinga systemof linearequations.However, in many practical
applications,thetransitionprobabilitiesof thechainareavailableonly implicitly—eitherin
theformof asimulationmodelor in theform of anagent'sactualexperienceexecuting � in
its environment.In eithercase,wemustcompute�

�

or anapproximationthereof(denoted
�

�

�

) solely from a collectionof trajectoriessampledfrom the chain. This is wherethe
TD

�����

family of algorithmsapplies.

TD
�����

wasintroducedin [10]; excellentsummariesmay now be found in several books
[2, 13]. For eachstateon eachobserved trajectory, TD

�����

incrementallyadjuststhe co-
ef�cients of

�

�

�

toward new target values. The target valuesdependon the parameter
����������� �

. At
�	�!�

, thetargetateachvisitedstate
��"

is the“Monte-Carloreturn,” i.e., the

1For improperpolicies, #%$ maybemadewell-de�ned by theuseof a discountfactorthatexpo-
nentiallyreducesfuturerewards;however, for simplicity I will assumeherethat #

$ is undiscounted.



actualobservedsumof futurerewards
�

"��

�

"������	�
�
���

�

END. This is anunbiasedsample
of �

�

, but mayhave signi�cant variancesinceit dependsona long stochasticsequenceof
rewards.At theotherextreme,

���
�

, thetargetvalueis setby a sampledone-steplooka-
head:

� "
� �

�

"��

�

�

�

��� "���� �

. Thisvaluehaslowervariance—theonly randomcomponentis
asinglestatetransition—butis biasedby thepotentialinaccuracy of thelookaheadestimate
of � � . Theparameter

�

tradesoff betweenbiasandvariance.Empirically, intermediate
valuesof

�

seemto performbest[10, 13].

TD
�����

provably convergesto a goodapproximationof �

�

whenlinear architecturesare
used,assuminga suitabledecreasingscheduleof stepsizesfor theincrementalweightup-
dates[14]. Linear architectures—whichinclude lookup tables,stateaggregation meth-
ods,CMACs,radialbasisfunctionnetworkswith �x edbases,andmulti-dimensionalpoly-
nomial regression—approximate�

�

�����

by �rst mappingthe state
�

to a featurevector
�

�����������

, and thencomputinga linear combinationof thosefeatures,
�

���������

. Ta-
ble 1 givesa convenientform of TD

�����

that exploits this representation.On eachtran-
sition, the algorithmcomputesthescalarone-stepTD error

�

" �!�

�

��� "���� �
�

�

��� " � �����

,
andapportionsthaterroramongall statefeaturesaccordingto their respective eligibiliti es

�

"

. The eligibility vectormay be seenasan algebraictrick by which TD
�����

propagates
rewardsbackwardover the currenttrajectorywithout having to rememberthe trajectory
explicitly. Eachfeature's eligibility at time � dependson thetrajectory'shistoryandon

�

:
�

"
���

"�

 

"�!

�

"#"

�

�

���

�

�

, where��$ is thetimeatwhich thecurrenttrajectorystarted.

TD
��% �

for approximate policy evaluation:
Given: & a simulationmodelfor a properpolicy � in MDP ' ;

& a featurizer
�)(

'

�*�+�

mappingstatesto featurevectors,
�

�

END
� �

0;
& a parameter

����������� �

; and
& a sequenceof stepsizes,

�
�

,
-

�/.
.
.

for incrementalcoef�cient updating.
Output:a coef�cient vector

�

for which �

�

�����
01�1�

�

�����

.
Set

�

(

�

0 (or anarbitrary initial estimate)
�

�

(

� �

.
for 2

(

�
� ��3 �/.
.
.

do: 4

Set 5

(

� �

.
Choosea startstate

� " �

' .
Set �

"

(

�

�

����" �

.
while

�
"76

�

END, do: 4

Simulateonestepof thechain,producinga reward
�

"

andnext state
�

"����

.
Set 5

(

�

5

�

�

"/8

�

"9� �

�

��� "���� �:�

�

����" � �����<;

. /* innerproduct*/
Set �

"����

(

� �

�

"=�

�

����"���� �

.
Set �

(

�

�

�
�

.
>

Set
�

(

�?�@�

,�A�5 .
>

Table1: OrdinaryTD
�����

for linearly approximatingtheundiscountedvaluefunctionof a
�x edproperpolicy.

To whatweightsdoesTD
�����

converge? Examiningtheupdaterule for 5 in Table1, it is
notdif�cult to seethatthecoef�cient changesmadeby TD

�����

afteranobservedtrajectory
���

$

� �B���/.
./.�� ��C �

END
�

have theform
�

(

�D�E�

,FA

��GH�)I7�E�?J �

, where

G �LK7M

C

N

�

 

$

�

�

�

��OQP

I �LK7M

C

N

�

 

$

�

�

8

�

���

�

���
�
�

�

���

�

�

;

�

OQP

(1)

and
J �

zero-meannoise. Theexpectationsaretakenwith respectto the distributionof
trajectoriesthroughthe Markov chain. It is shown in [2] that

I

is negative de�nite and

2



thatthenoise
J

hassuf�ciently smallvariance,whichtogetherwith thestepsizeconditions
mentionedabove, imply that

�

convergesto a �x edpoint
� � satisfying

G �)I � � �

0. In
effect,TD

�����

solvesthissystemof equationsby performingstochasticgradientdescenton
a potentialfunction

� �1�@� � � - . It never explicitly represents
G

or
I

. Thechangesto
�

dependonly on themostrecenttrajectory, andafterthosechangesaremade,thetrajectory
andits rewardsaresimply forgotten.Thisapproach,while requiringlittle computationper
iteration,wastesdataandmayrequiresamplingmany trajectoriesto reachconvergence.

Onetechniquefor usingdatamoreef�ciently is “experiencereplay” [6]: explicitly remem-
berall trajectorieseverseen,andwheneveraskedto produceanupdatedsetof coef�cients,
performrepeatedpassesof TD

�����

over all the saved trajectoriesuntil convergence.This
techniqueis similar to thebatchtrainingmethodscommonlyusedto trainneuralnetworks.
However, in thecaseof linearfunctionapproximators,thereis anotherway.

2 THE LEAST-SQUARES TD ����� ALGORITHM

TheLeast-SquaresTD
�����

algorithm,or LSTD
�����

, convergesto thesamecoef�cients
� �

that TD
�����

does. However, insteadof performinggradientdescent,LSTD
�����

builds ex-
plicit estimatesof the

I

matrix and
G

vector(actually, estimatesof a constantmultipleof
I

and
G

), andthensolves
G �DI7� � �

0 directly. TheactualdatastructuresthatLSTD
�����

builds from experiencearethematrix � (of dimension�
	�� , where � is thenumberof
features)andthevector � (of dimension� ):

� �

"

N

�

 

$

�

�

�

�

� �

"

N

�

 

$

�

�

8

�

���

�

���

�

���

�

��� �

;

�

(2)

After 2 independenttrajectorieshave beenobserved, � is an unbiasedestimateof 2

G

,
and � is an unbiasedestimateof

�

2

I

. Thus,
� � can be estimatedas �

" �

� . I use
SingularValueDecompositionto invert � robustly[8]. ThecompleteLSTD

�����

algorithm
is speci�edin Table2.

LSTD
��% �

for approximate policy evaluation:
Given:a simulationmodel, featurizer, and

�

asin ordinaryTD
�����

; nostepsizesnecessary.
Output:a coef�cient vector

�

for which �

�

�����
01�1�

�

�����

.
Set � (

�

0
� � (

�

0
�

�

(

� �

.
for 2

(

�
� ��3 �/.
.
.

do: 4

Choosea startstate
� " �

' .
Set �

"

(

�

�

����" �

.
while

�
"76

�

END, do: 4

Simulateonestepof thechain,producinga reward
�

"

andnext state
�

"����

.
Set � (

� � �

�

" �

�

��� " �
�

�

����" ��� � ���

. /* outerproduct*/
Set � (

� � �

�

"

�

"

.
Set �

"����

(

� �

�

"=�

�

����"���� �

.
Set �

(

�

�

�
�

.
>

Whenever updatedcoef�cients are desired: Set
�

(

� �
"��

� . /* UseSVD.*/
>

Table2: A least-squaresversionof TD
�����

(compareTable1). Notethat � hasdimension
�
	�� , and � ,

�

, � , and
�

�����

all have dimension�
	 �

.

When
� � �

, LSTD
��� �

reducespreciselyto BradtkeandBarto's LSTD algorithm,which
they derivedusingadifferentapproachbasedonregressionwith instrumentalvariables[5].
At theotherextreme,when

��� �

, LSTD
� � �

producesthe same� and � thatwould be

3



producedby supervisedlinear regressionon training pairsof
�

statefeatures
��

observed
Monte-Carloreturns

�

(see[3] for proof).Thanksto thealgebraictrick of theeligibility vec-
tors,LSTD

� � �

builds theregressionmatricesfully incrementally—without having to store
the trajectorywhile waiting to observe the eventualoutcome.Whentrajectoriesthrough
thechainarelong, thisprovidessigni�cant memorysavingsover linearregression.

The computationper timesteprequiredto update� and � is the sameas least-squares
linear regression:

� � � -

�

, where � is the numberof features.LSTD
�����

mustalsoper-
form a matrix inversionat a costof

� � ��� �

whenever
�

's coef�cients areneeded—inthe
caseof STAGE, oncepercompletetrajectory. (If updatedcoef�cients arerequiredmore
frequently, thenthe

� � ��� �

costcanbeavoidedby recursiveleast-squares[5] or Kalman-
�ltering techniques[2, � 3.2.2],whichupdate

�

oneachtimestepata costof only
� � � -

�

.)
LSTD

�����

is morecomputationallyexpensive thanincrementalTD
�����

, which updatesthe
coef�cients usingonly

� � � �

computationpertimestep.However, LSTD
�����

offersseveral
advantages,aspointedoutby BradtkeandBartoin their discussionof LSTD

��� �

[5]:

& Least-squaresalgorithmsare“more ef�cient estimatorsin the statisticalsense”
because“they extractmoreinformationfrom eachadditionalobservation.”

& TD
�����

'sconvergencecanbesloweddramaticallyby a poorchoiceof thestepsize
parameters,

A . LSTD
�����

eliminatestheseparameters.

& TD
�����

's performanceis sensitive to
� � � � �

init
�
, the distancebetween

� � and
theinitial estimatefor

� � . LSTD
�����

requiresnoarbitraryinitial estimate.

& TD
�����

is alsosensitive to therangesof theindividualfeatures.LSTD
�����

is not.

Section4 below presentsexperimentalresultscomparingTD
�����

with LSTD
�����

in termsof
dataef�ciency.

3 LSTD ��� � AS MODEL-B ASED REINFORCEMENT LEARNING

Beforegiving experimentalresultswith LSTD
�����

, I would like to point out an interesting
connectionbetweenLSTD

�����

andmodel-basedreinforcementlearning. To begin, let us
restrictour attentionto thecaseof a small discretestatespace' , over which �

�

canbe
representedandlearnedexactly by a lookuptable. A classicalmodel-basedalgorithmfor
learning �

�

from simulatedtrajectorydatawouldproceedasfollows:

1. Fromthe statetransitionsandrewardsobserved so far, build in memoryan empirical
modelof theMarkov chain.Thesuf�cient statisticsof thismodelareasfollows:

& A vector � recordingthenumberof timeseachstatehasbeenvisited.
& A matrix

I

recordingtheobservedstate-transitioncounts:
I

�

� �

how many times
� � wasseento directly follow

�

�

.

& A vector � recordingthesumof all observedone-steprewardsfrom eachstate.

2. Whenever a new estimateof thevaluefunction �

�

is desired,solve thelinearsystemof
Bellmanequationscorrespondingto thecurrentempiricalmodel. Writing 	 �

diag
� � �

,
thesolutionvectorof �

�

valuesis givenby

 � � 	 �1I �

" �

� .

(3)

Thismodel-basedtechniquecontrastswith TD
�����

, amodel-freeapproachto thesameprob-
lem. TD

�����

doesnot maintainany statisticsonobservedtransitionsandrewards;it simply
updatesthecomponentsof 
 directly. In thelimit, assuminga lookup-tablerepresentation,
bothconverge to the optimal �

�

. Theadvantageof TD
�����

is its low computationalbur-
denperstep;theadvantageof theclassicalmodel-basedmethodis that it makesthemost

4



of the availabletraining data. The empiricaladvantagesof model-basedandmodel-free
reinforcementlearningmethodshave beeninvestigatedin, e.g.,[11, 7, 1].

WheredoesLSTD
�����

�t in? Let us �rst considerthecaseof
� � �

. In this case,perhaps
surprisingly, it preciselyduplicatestheclassicalmodel-basedmethodsketchedabove. The
assumedlookup-tablerepresentationfor

�

�

�

meansthatwe have oneindependentfeature
perstate: the featurevector

�

correspondingto state1 is
� � � ��� ���
./.
. � � �

; corresponding
to state2 is

������� � ���
.
. .�� � �

; etc. LSTD
��� �

performsthe following operationsuponeach
observedtransition(cf. Table2):

� (

� � �

�

��� " �

�

" � (

� � �

�

��� " � �

�

��� " ���

�

��� "���� � �

�

(4)

Clearly, theroleof � is to sumall therewardsobservedat eachstate,exactly asthevector
� doesin the classicaltechnique. � , meanwhile,accumulatesthe statistics

� 	 � I �

.
To seethis, notethat the outerproductin Eq. 4 is a matrix consistingof an entry of

� �

on the singlediagonalelementcorrespondingto state
� "

; anentry of
� �

on the element
in row

� "

, column
� "����

; and all the restzeroes. Summingonesuchsparsematrix for
eachobserved transitiongives � � 	 � I

. Finally, LSTD
��� �

performsthe inversion
�

(

� �
" �

� � � 	 �?I �

"��

� , giving thesamesolutionasin Equation3.

Thus,when
��� �

, the � and � matricesbuilt by LSTD
�����

effectively recorda modelof
all theobservedtransitions.Whataboutwhen

��� �

? Again, � and � recordthesuf�cient
statisticsof anempiricalMarkov model—but in this case,themodelbeingcapturedis one
whosesingle-steptransitionprobabilitiesdirectlyencodethemulti-stepTD

�����

backupop-
erations.Thatis, themodellinks eachstate

�

to all thedownstreamstatesthatfollow
�

on
any trajectory, andrecordshow muchin�uence eachhason estimating

�

�

�

�����

according
to TD

�����

. In thecaseof
�	�
�

, theTD
�����

backupscorrespondto theone-steptransitions,
resultingin the equivalencedescribedabove. The oppositeextreme,the caseof

� � �

,
is alsointeresting:theempiricalMarkov modelcorrespondingto TD

� � �

's backupsis the
chainwhereeachstate

�

leadsdirectlyto absorption,and
�

thensimplycomputestheaver-
ageMonte-Carloreturnat eachstate.In short,if we assumea lookup-tablerepresentation
for thefunction

�

�

�

, wecanview theLSTD
�����

algorithmasdoingthesetwo steps:

1. It implicitly usestheobservedsimulationdatato build aMarkov chain.Thischain
compactlymodelsall thebackupsthatTD

�����

wouldperformon thedata.

2. It solvesthechainby performinga matrix inversion.

The lookup-tablerepresentationfor
�

�

�

is intractablein practicalproblems;in practice,
LSTD

�����

operateson statesonly via their (linearly dependent)featurerepresentations
�

�����

. In this case,we canview LSTD
�����

as implicitly building a compressedversion
of theempiricalmodel's transitionmatrix 	 �?I

andsummed-rewardvector � :
� ��� � � � ��� �

� 	 � I ���
(5)

where
�

is the � '�� 	 � matrix representationof the function
� (

'

� � �

. Fromthe
compressedempiricalmodel,LSTD

�����

computesthefollowing coef�cients for
�

�

�

:
� � � �

"��

� � �	� �

� 	 � I ��� �

"��

�
� � � � .

(6)

Ideally, thesecoef�cients
� � would be equivalent to the empirical optimal coef�cients

���� . Theempiricaloptimalcoef�cients arethosethatwould befoundby building thefull
uncompressedempiricalmodel(representedby 	 �HI

and � ), usinga lookuptableto solve
for thatmodel's valuefunction

� 
 � � 	 � I �

"��

� �

, andthenperforminga least-squares
linear�t from thestatefeatures

�
to thelookup-tablevaluefunction:

�

���
����� �
� � � �

"��

�	� � 
 � � �	� � � �

"�� � �

� 	 �?I �

"��

� .

(7)
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It canbeshown thatEquations6 and7 areindeedequivalentfor thecaseof
�	� �

, because
that settingof

�

implies that
I �

0 so
� 	 ��I �

is diagonal. However, for the caseof
� � �

, solving thecompressedempiricalmodeldoesnot in generalproducetheoptimal
least-squares�t to thesolutionof theuncompressedmodel.

4 EXPERIMENTAL COMPARISON OF TD ��� � AND LSTD � � �
This sectionreportsexperimentalresultscomparingTD

�����

andLSTD
�����

on the Markov
chain illustratedin Figure1. The chainconsistsof 13 states,andwe seekto represent
its valuefunction compactlyasa linear functionof four statefeaturesasshown. In fact,
this domainhasbeencontrivedso that the optimal �

�

function is exactly linear in these
features:theoptimalcoef�cients

���� are
�#�73���� � ����� ��� � � �

. Thisconditionguaranteesthat
LSTD

�����

will convergewith probability1 to theoptimal
� �� for any settingof

�

.

-3.0 -3.0

-3.0 -3.0

START

[0, 0, 1/4, 3/4]

[0, 0, 1/2, 1/2] [0, 0, 0, 1]

[0, 0, 3/4, 1/4]

[1, 0, 0, 0]

[3/4, 1/4, 0, 0]

[1/2, 1/2, 0, 0]

12 11 10 3 2 1 0
-2.0

-3.0

-3.0

-3.0

-3.0

Figure1: A simpleMarkov chain.Eachstateis representedby four featuresasshown.

TD
�����

is alsoguaranteedconvergenceto the optimal �

�

, underthe additionalcondition
that an appropriatescheduleof stepsizesis chosen. I ran eachTD

�����

experimentwith

six differentschedulesof the form ,
A


�������
$

A

!
���

A

! �

A

, where 2

� � � 3��
./.
.

. The parameter
�

$ determinestheinitial stepsize,and 2
$ determineshow graduallythestepsizedecreases

over time. Figure2 plotslearningcurvesfor thecaseof
�	�
��. �

. Figure3 summarizesthe
resultsover six settingsof

�

.
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1
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trajectory number

lambda = 0.4

TD: a0=0.1, n0=10^6
TD: a0=0.1, n0=10^3
TD: a0=0.1, n0=10^2

TD: a0=0.01, n0=10^6
TD: a0=0.01, n0=10^3
TD: a0=0.01, n0=10^2

Least-Squares TD

Figure 2: Perfor-
mance of TD

���Q. � �

and LSTD
����. � �

on
the sample domain.
Note the log scaleon
the

�

-axis. All points
plotted represent the
averageof 10 trials.

Theplotsshow thatLSTD
�����

learnsa goodapproximationto �

�

in fewer trials thanany
of theTD

�����

experiments,andperformsbetterasymptoticallyaswell, acrossall valuesof
�

. They alsoshow thatTD
�����

dependscritically on thestepsizeschedulechosen,andthat
varying

�

hasarelativelysmalleffectonLSTD
�����

'sperformance.Becausethesampledo-
mainis sosmallandtheoptimalvaluefunctionis exactly linearover theavailablefeatures,
theseresultsmaynotberepresentativeof how TD

�����

andLSTD
�����

will performonpracti-
cal problems.If a domainhasmany featuresandsimulationdatais availablecheaply, then
incrementalmethodsmay have betterreal-timeperformancethan least-squaresmethods
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Least-Squares TD

Figure3: Summaryof resultsat six settingsof
�

. At eachsetting,seven algorithmsare
compared:TD

�����

(with six differentstepsizeschedules)andLSTD
�����

. Theplottedseg-
mentshows themeanRMS valuefunctionapproximationerrorafter100 trajectories(top
of segment)and10,000trajectories(bottomof segment).Notethelog scaleon the � -axis.
LSTD

�����

is bestin all cases.

[12]. On the otherhand,somereinforcement-learningapplicationshave beensuccessful
with very smallnumbersof features(e.g.,[9, 4]), andin thesesituationsLSTD

�����

should
besuperior.

LSTD
�����

hasbeensuccessfullyappliedin thecontext of STAGE,areinforcement-learning
algorithmfor combinatorialoptimization[3]. An exciting possibilityfor futurework is to
apply LSTD

�����

in the context of approximationalgorithmsfor generalMarkov decision
problems.LSTD

�����

could provide an ef�cient alternative to TD
�����

in the inner loop of
optimisticpolicy iteration[2].

Acknowledgments:Thanksto Andrew MooreandJeff Schneiderfor helpfulcomments.
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