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Abstract

With the increase in available data parallel machine legriias become an in-
creasingly pressing problem. In this paper we present thiegfarallel stochastic
gradient descent algorithm including a detailed analysid experimental evi-
dence. Unlike prior work on parallel optimization algorith [5,[7] our variant
comes with parallel acceleration guarantees and it posewe@dy tight latency
constraints, which might only be available in the multiceetting. Our analy-
sis introduces a novel proof technique — contractive magpio quantify the
speed of convergence of parameter distributions to thgimpsotic limits. As a
side effect this answers the question of how quickly stobasadient descent
algorithms reach the asymptotically normal regiide |1, 8].

1 Introduction

Over the past decade the amount of available data has iecrstsadily. By now some industrial
scale datasets are approaching Petabytes. Given that ttlaevioith of storage and network per
computer has not been able to keep up with the increase intliatmeed to design data analysis
algorithms which are able to perform most steps in a disteitbdashion without tight constraints
on communication has become ever more pressing. A simplam@edllustrates the dilemma. At
current disk bandwidth and capacity (2TB at 100MB/s thrqughit takes at least 6 hours to read
the content of a single harddisk. For a decade, the move fadohto online learning algorithms
was able to deal with increasing data set sizes, since itcezgtithe runtime behavior of inference
algorithms from cubic or quadratic to linear in the samp#e siHowever, whenever we have more
than a single disk of data, it becomes computationally sif#a to process all data by stochastic
gradient descent which is an inherently sequential algarjtat least if we want the result within a
matter of hours rather than days.

Three recent papers attempted to break this parallelizd@orier, each of them with mixed suc-

cess. [[b] show that parallelization is easily possible h@rhulticoresetting where we have a tight

coupling of the processing units, thus ensuring extrenaly latency between the processors. In
particular, for non-adversarial settings it is possibl®kdain algorithms which scale perfectly in

the number of processors, both in the case of bounded gtadied in the strongly convex case.
Unfortunately, these algorithms are not applicable to aR&fuce setting since the latter is fraught
with considerable latency and bandwidth constraints betvtkee computers.

A more MapReduce friendly set of algorithms was proposed3p@]. In a nutshell, they rely on
distributed computation of gradients locally on each cotepwhich holds parts of the data and
subsequent aggregation of gradients to perform a globateslep. This algorithm scales linearly



in the amount of data and log-linearly in the number of corapit That said, the overall cost in
terms of computation and network is very high: it requiresnynpasses through the dataset for
convergence. Moreover, it requires many synchronizatieeeps (i.e. MapReduce iterations). In
other words, this algorithm is computationally very wagtefhen compared to online algorithms.

[[7] attempted to deal with this issue by a rather ingenioadejy: solve the sub-problems exactly on
each processor and in the end average these solutions to aljtént solution. The key advantage
of this strategy is that only a single MapReduce pass is reduthus dramatically reducing the
amount of communication. Unfortunately their proposedatgm has a number of drawbacks:
the theoretical guarantees they are able to obtain implygmifsiant variancereduction relative
to the single processor solutidd [7, Theorem 3, equatiorbiBho bias reduction whatsoevér,
Theorem 2, equation 9] relative to a single processor agprdaurthermore, their approach requires
a relatively expensive algorithm (a full batch solver) toan each processor. A further drawback
of the analysis in[]7] is that the convergence guaranteesaagemuch dependent on the degree of
strong convexity as endowed by regularization. Howevacesregularization tends to decrease with
increasing sample size the guarantees become increakinglyin practice as we see more data.

We attempt to combine the benefits of a single-average gyrateproposed by 7] with asymptotic
analysis[[8] of online learning. Our proposed algorithmtigigly simple: denote by (w) a loss
function indexed by and with parametew. Then each processor carries out stochastic gradient
descent on the set of(w) with a fixed learning rate for 7" steps as described in AlgoritHth 1.

Algorithm 1 SGD({c!,...,c™}, T, n, wo)
fort =1toT do
Drawj € {1...m} uniformly at random.
Wy — Wi—1 — N0 (We—1).
end for
return wr.

On top of the SGD routine which is carried out on each compuéshave a master-routine which
aggregates the solution in the same fashioilas [7].

Algorithm 2 ParallelSGD({c',...c™}, T,n, wo, k)

forall ¢ € {1,...k} parallel do
v; = SGD({c!,...c¢™}, T, n,wo) on client
end for
Aggregate from all computers= % Zle v; andreturn v

The keyalgorithmic difference to[[] is that the batch solver of the inner loopeaplaced by a
stochastic gradient descent algorithm which digastsa fixed fraction of data but rather a random
fixed subset of data. This means that if we prodessstances per machine, each processor ends up
seeingL of the data which is likely to exceefl

Algorithm | Latency tolerance MapReduce| Network IO | Scalability
Distributed subgradient[81 9] | moderate yes high linear
Distributed convex solvef]7] high yes low unclear
Multicore stochastic gradierfl[5] low no n.a. linear
This paper high yes low linear

A direct implementation of the algorithms above would plavery example on every machine:
however, ifT is much less tham, then it is only necessary for a machine to have access to the
data it actually touches. Large scale learning, as defing@]jns when an algorithm is bounded

by the time available instead of by the amount of data aviglaBractically speaking, that means
that one can consider the actual data in the real dataset #éosibset of a virtually infinite set,
and drawing with replacement (as the theory here implied)diawing without replacement on the



Algorithm 3 SimuParallelSGD(Examples{c?, ... c™}, Learning Rate), Machinesk)
DefineT = |m/k]|
Randomly partition the examples, givifijexamples to each machine.
forall i € {1,...k} parallel do
Randomly shuffle the data on machine
Initialize w; o = 0.
forall t € {1,...7T}:do
Get thetth example on théth machine (this machine)’*
Wi g — Wip—1 — NOwC (Ws 1)
end for
end for
Aggregate from all computers= % Zle w; ; andreturn v.

infinite data set can both be simulated by shuffling the retd dad accessing it sequentially. The
initial distribution and shuffling can be a part of how thealst savedSimuParallelSGD fits very
well with the large scale learning paradigm as well as the R&suce framework. Our paper applies
an anytime algorithm via stochastic gradient descent. Téerithm requires no communication
between machines until the end. This is perfectly suited &pReduce settings. Asymptotically,
the error approaches zero. The amount of time required epimadent of the number of examples,
only depending upon the regularization parameter and thiesdkerror at the end.

2 Formalism

In stark contrast to the simplicity of Algorithah 2, its comgence analysis is highly technical. Hence
we limit ourselves to presenting the main results in thigesed abstract. Detailed proofs are given
in the appendix. Before delving into details we briefly autlthe proof strategy:

e When performing stochastic gradient descent with fixed @ifticiently small) learning
raten the distribution of the parameter vector is asymptoticaltymal [1,[8]. Since all
computers are drawing from the same data distribution thepaverge to the same limit.

e Averaging between the parameter vectorscafomputers reduces variance Q(k*%)
similar to the result of([I7]. However, it doe®t reduce bias (this is whergl[7] falls short).

e To show that the bias due to joint initialization decreaseswed to show that thaiistri-
butionof parameters per machine converges sufficiently quicktiédimit distribution.

e Finally, we also need to show that the mean of the limit distibn for fixed learning rate
is sufficiently close to the risk minimizer. That is, we needake finite-size learning rate
effects into account relative to the asymptotically nornegime.

2.1 Loss and Contractions

In this paper we consider estimation with convex loss fumdic : ¢, — [0,00). While our
analysis extends to other Hilbert Spaces such as RKHSs itelimselves to this class of functions
for convenience. For instance, in the case of regularizédminimization we have

w) = Sl + LGy w - a') &)

whereL is a convex function imv-z*, such as; (y* —w-z*)? for regression olog[1+exp(—y‘w-z")]
for binary classification. The goal is to find an approximateimizer of the overall risk

c(w) = — Z ¢ (w). 2

To deal withstochastigradient descent we need tools for quantifying distritugioverw.

Lipschitz continuity: A function f : X — R is Lipschitz continuous with constahtwith respect
to a distancel if | f(x) — f(y)| < Ld(z,y) forall z,y € X.



Holder continuity: A function f is Holder continous with constarit and exponend if |f(z) —
fy)| < Ld*(x,y) forall z,y € X.
Lipschitz seminorm: [I0] introduce a seminorm. With minor modification we use

| fllLip == inf {{ where[f(z) — f(y)| < ld(z,y) forall z,y € X} . 3

Thatis, || f|1;, is the smallest constant for which Lipschitz continuitydel
Holder seminorm: Extending the Lipschitz norm far > 1:

1/ l|Lip, := inf {l where|f(z) — f(y)| < d*(z,y) forall z,y € X}. 4)

Contraction: For a metric spacel, d), f : M — M is a contraction mapping fff|l;, < 1.

In the following we assume thatZ.(z, y,y')|;;, < G as a function ofy’ for all occurring data
(z,y) € X x Y and for all values ofv within a suitably chosen (often compact) domain.

Theorem 1 (Banach'’s Fixed Point Theorem)If (M, d) is a non-empty complete metric space,
then any contraction mappinfion (M, d) has a unique fixed point* = f(z*).

Corollary 2 The sequence; = f(z:—1) converges linearly witll(z*, ;) < ||f||tLip d(zg,z*).

Our strategy is to show that the stochastic gradient deseapping
w — ¢'(w) 1= w — Ve (w) (5)

is a contraction, where is selected uniformly at random frofi,...m}. This would allow us
to demonstrate exponentially fast convergence. Note thae ghe algorithm selectsat random,
different runs with the same initial settings can produdfed@nt results. A key tool is the following:

Lemma 3 Letc* > ||9;L(«%, v, )|,
(||:cZH2 c* + \)~! the update rule[@5) is a contraction mappingdnwith Lipschitz constarit — n\.

5 be a Lipschitz bound on the loss gradient. Then i

We prove this in AppendikIB. If we choosg‘low enough”, gradient descent uniformly becomes a
contraction. We define

n* = ml_in(HxiHQc*—i—)\)A. (6)

2.2 Contraction for Distributions

For fixed learning rate stochastic gradient descent is a Markov process with stat®mo. While
there is considerable research regarding the asymptatpepiies of this processl[fl, 8], not much is
known regarding the number of iterations required untildbgmptotic regime is assumed. We now
address the latter by extending the notion of contractiom® fmappings of points to mappings of
distributions. For this we introduce the Monge-Kantortwit/asserstein earth mover’s distance.

Definition 4 (Wasserstein metric) For a Radon spacél, d) let P(M, d) be the set of all distri-
butions over the space. The Wasserstein distance betweediswibutionsX,Y € P(M,d) is

z

(X,YV)=| inf & (z, y)d(, 7
ey =| et [ @i @

wherel'(X,Y) is the set of probability distributions ofi\/, d) x (M, d) with marginalsX andY'.

This metric has two very important properties: it is comglatd a contraction i/, d) induces a
contraction in(P(M, d), W.). Given a mapping : M — M, we can construgp : P(M,d) —
P(M,d) by applying¢ pointwise toM. Let X € P(M,d) and letX’ := p(X). Denote for any
measurable eveif its pre-image by)~!(F). Then we have thak’(E) = X (¢~ 1(E)).



Lemma 5 Given a metric spaceM, d) and a contraction mapping on (M, d) with constant, p
is a contraction mapping ofP (M, d), W) with constant.

This is proven in AppendiXIC. This shows that any single magjs a contraction. However, since
we drawc’ at random we need to show that a mixture of such mappings istaacion, too. Here
the fact that we operate on distributions comes handy sheeixture of mappings on distribution
is a mapping on distributions.

Lemma 6 Given a Radon spacéM,d), if p;...px are contraction mappings with constants
c1...c, with respect tolV,, and )", a; = 1 wherea; > 0, thenp = Zle a;p; 1S a contrac-
tion mapping with a constant of no more th@gn,, a;(c;)?] :)

Corollary 7 If for all 4, ¢; < ¢, thenp is a contraction mapping with a constant of no more tlan

This is proven in AppendiXIC. We apply this to SGD as followsfidep* = = > p’ to be the
stochastic operation in one step. Denoteﬂ?ﬁ/the initial parameter distribution from whiahy is

drawn and byD/, the parameter distribution aftéisteps, which is obtained vie}, = p*(D}!).
Then the following holds:

Theorem 8 Foranyz € N, if n < n*, thenp* is a contraction mapping o/, W) with contrac-

tion rate (1 — n\). Moreover, there exists a unique fixed pain such thap* (D;) = D;. Finally,
if wo = 0 with probability 1, therdV, (D9, D;) = &, andW. (DI, D;) < £(1 —nA\)T.

This is proven in AppendiKIF. The contraction régle— n\) can be proven by applying Lemrih 3,
Lemmd®, and Corollaid6. As we show later, < G//\ with probability 1, soPryep; [d(0,w) <
G/A] = 1, and sinceu, = 0, this impliesWW. (D)), D) = G//\. From this, CorollarfR establishes
W.(DF,Dp) < $(1—nA)T.

This means that for a suitable choicerpive achieve exponentially fast convergenc'ito some
stationary distributionD;. Note that this distribution neeaiot be centered at the risk minimizer
of ¢(w). What the result does, though, is establish a guaranteeséttdtt computer carrying out

Algorithm [ will converge rapidly to the same distributiomes w, which will allow us to obtain
good bounds if we can bound the 'bias’ and 'variancelyf.

2.3 Guarantees for the Stationary Distribution

At this point, we know there exists a stationary distribntiand our algorithms are converging to
that distribution exponentially fast. However, unlike maditional gradient descent, the stationary
distribution is not necessarily just the optimal point. bricular, the harder parts of understanding
this algorithm involve understanding the properties ofdtagionary distribution. First, we show that
the mean of the stationary distribution has low error. Tfegee if we ran for a really long time and
averaged over many samples, the error would be low.

Theorem 9 ¢(Eyep;[w]) — minyern c(w) < 2nG2.

Proven in AppendiX using techniques from regret minimdrat Secondly, we show that the
squared distance from the optimal point, and therefore dinance, is low.

Theorem 10 The average squared distance/of from the optimal point is bounded by:

4nG?
J(w —wH)?] < ———.
EwEDn[(w w ) ] = (2_77)\))\

In other words, the squared distance is boundedioyG? /).



Proven in Appendikll using techniques from reinforcemeatriéng. In what follows, ifx € M,

Y € P(M,d), we defineW,(z,Y) to be thelV, distance betweelr and a distribution with a
probability of 1 atz. Throughout the appendix, we develop tools to show that theilolition
over the output vector of the algorithm is “nearp:, the mean of the stationary distribution. In

particular, ingvk is the distribution over the final vector 8hirallelSGD after7 iterations on each

of k machines with a learning raig then W (up;, D;*) = \/EmeDT,k[(x — pup;)?] becomes

small. Then, we need to connect the error of the mean of thierstay distribution to a distribution
that is near to this mean.

Theorem 11 Given a cost function such that|c|| , and||V¢||, are bounded, a distributio® such
thatop and is bounded, then, for any

Bueple(w)] - min c(w)

< (Wale, D). [21Vel (o) — mime(w) + Lol (1, (0, D)) + (elv) ~ mine(w). (@

w

This is proven in AppendikIK. The proof is related to the Kantdach-Rubinstein theorem, and
bounds on the Lipschitz af nearv based or:(v) — min,, ¢(w). At this point, we are ready to get
themain theorem:

Theorem 12 If 5 < n* andT = nk=(nn+ind).

20
. 8nG* 8nG* || Vel 2
EweDZ,k[C(w)] — min c(w) < 7o VI Vell, + B + (2nG*). 9

This is proven in AppendikK.

2.4 Discussion of the Bound

The guarantee obtained i (9) appears rather unusual ims®iadoes not have an explicit depen-
dency on the sample size. This is to be expected since wenebltai bound in terms of risk min-
imization of the given corpus rather than a learning boumstelad the runtime required depends
only on the accuracy of the solution itself.

In comparison to[]2], we look at the number of iterations taatep for SGD in Table 2. Ignoring
the effect of the dimensions (suchm@asndd), setting these parameters to 1, and assuming that the
conditioning number. = %, andp = . In terms of our bound, we assurGe= 1 and||V¢||, = 1.

In order to make our error order we must sek = % So, the Bottou paper claims a bound’r’épﬂﬁ
iterations, which we interpret an%? Modulo logarithmic factors, we requir? machines to rur—;)l7

time, which is the same order of computation, but a dramagedup of a factor o§ in wall clock
time.

Another important aspect of the algorithm is that it can Hatearily precise. By halving; and
roughly doublingT’, you can halve the error. Also, the bound captures how mucdlljgdization

can help. Ifk > %, then the last termG? will start to dominate.

3 Experiments

Data: We performed experiments on a proprietary dataset drawn &enajor email system with
labelsy € +1 and binary, sparse features. The dataset con$air#®, 235 time-stamped instances
out of which the last8, 1015 instances are used to form the test set, lea2irigg, 220 training
points. We used hashing to compress the features iatd dimensional space. In total, the dataset
containedr85, 751, 531 features after hashing, which means that each instancebbas3 3 fea-
tures on average. Thus, the average sparsity of each dattip06i0012. All instance have been
normalized to unit length for the experiments.
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Figure 1: Relative training error with = 1e—3: Huber loss (left) and squared error (right)

Approach: In order to evaluate the parallelization ability of the psepd algorithm, we followed
the following procedure: For each configuration (see belave)trained up td 00 models, each on
an independent, random permutation of the full trainingdBiuring training, the model is stored on
disk afterk = 10, 000 * 2! updates. We then averaged the models obtained foriemuth evaluated
the resulting model. That way, we obtained the performaacéie algorithm after each machine
has seert: samples. This approach is geared towards the estimatidre gfarallelization ability of
our optimization algorithm and its application to machiearhing equally. This is in contrast to
the evaluation approach taken i [7] which focussed solelthe machine learning aspect without
studying the performance of the optimization approach.

Evaluation measures:We report both the normalized root mean squared error (RMB8HEhe test
set and the normalized value of the objective function dutmining. We normalize the RMSE
such thatl.0 is the RMSE obtained by training a model in one single, setjalgrass over the data.
The objective function values are normalized in much theesamay such that the objective function
value of a single, full sequential pass over the data reatieegluel .0.

Configurations: We studied both the Huber and the squared error loss. Wheléatter does not
satisfy all the assumptions of our proofs (its gradient isaumded), it is included due to its popu-
larity. We choose to evaluate using two different reguktion constants)\ = le =3 and\ = 1e =6

in order to estimate the performance characteristics bognwoth, “easy” problemg ¢—3) and on
high-variance, “hard” problemd ¢ ). In all experiments, we fixed the learning ratejte- 1e 3.

3.1 Results and Discussion

Optimization: Figure[dl shows the relative objective function values faining using1, 10 and
100 machines with\ = 1e~3. In terms ofwall clock time the models obtained o0 machines
clearly outperform the ones obtained tihhmachines, which in turn outperform the model trained
on a single machine. There is no significant difference iralir between the squared error and
the Huber loss in these experiments, despite the fact teaifhared error is effectively unbounded.
Thus, the parallelization works in the sense that many nm&shobtain a better objective function
value after each machine has sdeimstances. Additionally, the results also show that datal
parallelized training is feasible and beneficial with thegmsed algorithm in practice. Note that
the parallel training needs slightly momgachine timeo obtain the same objective function value,
which is to be expected. Also unsurprising, yet noteworiththe trade-off between the number of
machines and the quality of the solution: The solution atgdiby10 machines is much more of an
improvement over using one machine than udifiggmachines is over0.

Predictive Performance: Figure[2 shows the relative test RMSE farl0 and100 machines with
A = le 3. As expected, the results are very similar to the objectivecfion comparison: The
parallel training decreasegll clock timeat the price of slightly highemachine time Again, the
gain in performance betwedrand10 machines is much higher than the one betwieand100.
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Performance using different\: The last experiment is conducted to study the effect of tge-re
larization constank on the parallelization ability: Figufd 3 shows the objegtiMnction plot using
the Huber loss and = 1le=2 and\ = 1le~%. The lower regularization constant leads to more
variance in the problem which in turn should increase theefieof the averaging algorithm. The
plots exhibit exactly this characteristic: Far= 1e~9, the loss forl0 and100 machines not only
drops faster, but the final solution for both beats the sotutbund by a single pass, adding further
empirical evidence for the behaviour predicted by our tizeor

4 Conclusion

In this paper, we propose a nowta-parallelstochastic gradient descent algorithm that enjoys a
number of key properties that make it highly suitable forgtlat, large-scale machine learning: It
imposes very little I/0 overhead: Training data is acces$seally and only the model is communi-
cated at the very end. This also means that the algorithndifenent to I/O latency. These aspects
make the algorithm an ideal candidate for a MapReduce imghéation. Thereby, it inherits the lat-
ter's superb data locality and fault tolerance propert®ag: analysis of the algorithm’s performance
is based on a novel technique that uses contraction theayydatify finite-sample convergence
rate of stochastic gradient descent. We show worst-casedsdahat are comparable to stochastic
gradient descent in terms of wall clock time, and vastlyegast terms of overall time. Lastly, our
experiments on a large-scale real world dataset show thaddtallelization reduces the wall-clock
time needed to obtain a set solution quality. Unsurprisinge also see diminishing marginal util-
ity of adding more machines. Finally, solving problems witbre variance (smaller regularization
constant) benefits more from the parallelization.
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A Contraction Proof for Strongly Convex Functions

Lemma 13 (Lemma 7,[[B]) Assume thdtis convex and moreover th&tf(z) is Lipschitz contin-
uous with constank/. Finally, denote by:* the minimizer off. In this case

IVf(2)|? < 2H[f(z) — f(z")]. (10)

¢ is A-strongly convexif for all x,y € M:

A
S =)+ Ve(@) - (y = 2) + elw) < c(y) (11)
Lemma 14 If ¢ is A-strongly convexg* is the minimizer of, thenf(z) = ¢(z) — 5(z — 2*)? is
convex and:* minimizesf.
Proof Note that forx,y € M:
A
3 =)+ Ve(@) - (y - 2) + efw) < c(y) (12)
Vf(z)=Ve(x) — ANz —2¥) (13)
We can writeV¢ andc as functions off:
Ve(x) =Vf(z)+ Mz — ") (14)
A *
(x) = f(a) + 5@ — ")’ (15)

Pluggingf andV f into Equatior IR yields:

2= a4 V@) (=) + M= 1) (=) + @)+ 5o 1) < ) + 2y -2

(16)

“Nyz+ V@) - (y—z)+X-y— X" y+ e+ f(x) — Az - 2" §f(y)—)\y~:c*(17)
Vi) (y—z)+ fz) < fy) (18)

Thus, f is convex. Moreover, sinc¥ f(z*) = Ve(z*) — A(z* — 2*) = Ve(z*) = 0, thenz* is
optimal for f as well as:. [ |

Lemma 15 If ¢ is A-strongly convexz* is the minimizer of, V¢ is Lipschitz continuoug (z) =

-1
c(z) = 3(x—2")?n< (/\ + ||Vf||Lip) ,andn < 1, thenforallx € M:

d(x —nVe(z), ") < (1 —nN\)d(x,x™) (19)

Proof
To keep things terse, defidé := || V||, .

First observe thak + ||V f||;, > [ Velly,, son < H™

Without loss of generality, assume* = 0. By the definition of Lipschitz continuous,
(IVe(x) — Ve(z*)|| < H |z —z*| and thereford|Ve(x)|| < H ||z|. Therefore,Ve(x) -z <
H ||z||*. In other words:
(x —=nVe(x)) -z =z -2 —nVe(z) - x (20)
(x = nVe(@) @ > [lo]* (1 -9 H) (21)
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Therefore, at least in the direction of if n < H~!, then(z — nVe(x)) - x > 0. DefineH' =
[V fll1ip- Sincef is convex and:™ is optimal:

Vi) (0—=)+ flz) < f(z7) (22)
f(@) = f(@") < Vf(z) 2 (23)
(24)
By LemmdIB:
V£(2)|?
I < 9w - (25)
We break dowrV f(z) into gy andg., such thaly; = <|g z,andg, = z — g. Therefore,

ll=]
gi-g) =0,and|Vf(@)* = ||gy||* + lg.||*, andVe(z) - @ = (\z+g;) - . Thus, since we know
(x —nVe(zx)) - x is positive, we can write:

e = nVe(@)|* = [[o = nrz —ngy[|” + Ing. | (26)
Thus, looking af|(1 — nA)z — ng, ||2:
10 =nN)a —ngy||” = (1 =)z —ng)) - (1 = n\)z — ng)) (27)
10 =Nz —ngy||” = (1 =90 [l2]* = 201 = nA\)ngy - = +n* gy || (28)
10— e = ngl? < (1= 2 et — 20— ) LTy g2 o
+ 2
1= 802 = nyl* < 1= ol — 20— BT e gy
+
o el < (=3 ol 20—y e e ey
H'n* +nX —
o =Vl < (1= fal? + LA (g 2 g ) (32)

Sincen < 1, H'n?> + n\ — 1 < H'n +n\ — 1 < 0. The result follows directly.

Lemma 16 Given a convex functiof whereV L is Lipschitz continuous, definéz) = %xQ +

-1
L(x). Ifn < (/\ + ||VLHLip) , then for allz € M:
d(x —nVe(z), ") < (1 —nN\)d(x,x™) (33)

Proof Definez* to be the optimal point, anfi(z) = c(z) — (z — 2*)?. Then:

f(z) =c(z) — %,TQ + Az -at — %(x*)Q (34)
F@) = L) + Ao~ 3" (35)
Foranyz,y € M:
Vi(z)— V fly) = (VL(z) + Az*) — (VL(y) + Az™) (36)
V(@) = Vfy) = (VL(z) = VL(y)) (37)
IVf(x) = Vi)l = [VL(z) = VL(y)]| (38)
Thus, ||V f||1s, = IVL]ly;,- Thus we can apply Lemniall5. [ |
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Theorem 17 Given a convex functioh whereV L is Lipschitz continuous, defingz) = 2% +
L@) 1ty < (A+ VL] p)
d(x —nVe(z),y —nVe(y)) < (1 —nA)d(z,y) (39)

1
, then for allz,y € M:

Proof We prove this by using Lemn{all6. In particular, we use a trickipired by Classical
mechanics: instead of studying the dynamics of the updatetifun directly, we change the frame
of reference such that one pointis constant. This constant pot only does not move, it is also an
optimal point in the new frame of reference, so we can use Laffin

Defineg(w) = ¢(w) — Ve(x) - (w — ). Note that, for any, z € M:

d(y —nVg(y),z —nVg(2)) = d(y — nVe(y) + nVe(x), 2 — nVe(z) +nVe(x)) (40)
d(y —nVg(y),z —nVg(z)) = [ly = nVe(y) + nVe(x) — (2 —=nVe(z) +nVe(z))|  (41)
d(y —nVg(y),z —nVg(z)) = ly = nVe(y) — (z = nVe(2))] (42)
d(y —nVyg(y),z —nVg(z)) = d(y —nVe(y),z — nVe(z)) (43)

Thereforeg provides a frame of reference where the relative distaneweden where everything is
will be the same as it would be with Moreover, note thaf is convex, and/g(z) = 0. Thusz is the
minimizer ofg. Moreover, sincg(w) = c(w) — Ve(z) - (w —z) = w? + L(w) — Ve(z) - (w— ).

If we defineC(w) = L(w) — Ve(z) - (w — ), thenC'is convex and|VC||,, = [[VLI|,-
Therefore we can apply Lemriial16 withinstead ofZ, and then we find that(y — nVg(y),z) <
(1 —nN)d(y, z). From Equation{43)/(y — nVec(y),z — nVe(z)) < (1 —nA)d(y, x), establishing
the theorem. |

B Proof of Lemmal3

Lemma@ If ¢t = H%Z”) __then, for a fixed, if < (][ * ¢ + A)~", the update rule in
1p

EquatiorTZ7lL is a contraction mapping for the Euclideanatise with Lipschitz constat— nA.

Proof First, let us break down Equatibn71. By gathering terms:

. . 0 P
¢Z(w) = (1 - 77)\)111 - 77551 agL(yl, y)lwacI (44)
Defineu : R — R to be equal tau(z) = %L(yi,z). Becausel(y, 3) is convex ing, u(z) is

increasing, and(z) is Lipschitz continuous with constadat.

¢'(w) = (1 = n\)w — nu(w - 2)a" (45)

We break downw into w; andw , wherew - =0 andw) +w, = w. Thus:
o' (w)L = (1 —n\w, (46)
¢'(w)) = (1 = nNwy —nu(w - )z’ (47)

Finally, note thatl(w, v) = \/d*(wj, v|) + d*(wi,vL).

Note that given anyv,, v, d(¢*(w)1,¢"(v)1) = (1 — nA)d(wy,vy). For convergence in the
final, “interesting” dimension parallel t¢/, first we observe that if we defingw) = 2 - w, we can
represent the update as:

a(¢' (w) = (1 = nN)a(w) + ny‘u(a(w))(z" - 2") (48)
Define = vzt - z*. Note that:
a(¢'(w)) = (1= nA)a(w) + qu(a(w))s? (49)
dwy, o)) = Flalw) - afv) (50)
d(¢' (w)y, ¢ (v))) = % [(1 = nN)a(w) — nu(e(w)B®) — (1 — nA)a(v) — qu(a(v))s®)] (51)
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Without loss of generality, assume thatw) > «(v). Sincea(w) > a(v), u(a(w)) > u(a(v)).
By Lipschitz continuity:

| < *la(w) - a(v)| (52)
u(a(w)) - u(a(v)) < ¢*(a(w) - alv)) (53)

Rearranging the terms yields:

(1 = nN)o(w) — nu(e(w))B?) = (1 = nA)a(v) — nu(a(v))§?) =
(1 =) (a(w) = a(v) = 182 (u(a(w)) - u(a(v)) (54)

Note thatu(a(w)) > u(a(v)), sons?(u(a(w)) — u(a(v)) > 0, so:
(1 =nN)a(w) = nu(a(w))8%) — (1 = nA)a(v) — nu(a(v)5?) < (1 —nA)(a(w) — a(v)) (55)
Finally, sinceu(a(w)) — u(a(v)) < ¢*(a(w) — a(v)):

(1 = nN)a(w) = nu(a(w))F?) = (1 = n\)a(v) - nu(a(v)5?) >
(1 = n\)(a(w) = a(v)) = nf%c (a(w)) - a(v) =
(1 =nx = nf*c)(a(w) - a(v)) (56)
Since we assume in the state of the theorgm, (3%c* + ) 1, itis the case thatl —n\ —n3%c*) >
0, and:

(1 = nN)a(w) — nu(a(w))F%) = (1 = nA)a(v) = nu(a(v))8*) = 0 (57)

By Equation[[(Bb) and Equatiof{b7), it is the case that:
(1= nA\)a(w) = u(a(w)) %) = (1 = nA\)a(v) = nu(a(v)) )] < (1-nA)(a(w) —a(v)) (58)

This implies:

A (w)), 6 (0)) < %(1 — ) (afw) — a(v)) (59)
<(1- nA)%Ia(w) — a(v) (60)

1
< (1 — n)\)Bd(wH,’UH) (61)

This establishes thal( ¢’ (w), ¢'(v)) < (1 — n\)d(w,v).

C Wasserstein Metrics and Contraction Mappings
In this section, we prove Lemniih 5, Lemfda 6, and Coro[lhry imf8ectiol ZR.

Fact 18 2* = inf,cx  if and only if:

1. forallz € X, z* <, and
2. for anye > 0, there exits am: € X such thatt* + ¢ > .

Fact19 Ifforall ¢ > 0,a + € > b, thena > b.

Lemmal For all 7, Given a metric spacéM, d) and a contraction mapping on (M, d) with
constant, p is a contraction mapping ot (M, d), W;) with constant.

Proof A contraction mapping is continuous and therefore it is asuegble function on the Radon
space (which is a Borel space).

13



Given two distributionsX andY’, definez = W;(X,Y). By FacI8, for any > 0, there exists
ay € T'(X,Y) such that(W;(X,Y))" + € > fm,y d(z,y)d"v(z,y). Definey such that for all

E,E' € M,y (E,E') =~(¢~1(E), o L(E")).

Note thaty'(E, M)=v(¢~Y(E), M) = X(¢~(E)) = p(X)(E), Thus, the marginal distribution
of v is p(X), and analogously the other marginal distributionya$ p(Y"). Since¢ is a contraction

with constant, it is the case thatd(¢(z), ¢(y)) < d(z,y), and

WX V) 4e> [ (o). o)) (62
WX V) +e> = [ @6, o)) (63)
z,y

By change of variables:
WXy de> = [ dndy ) (64
(W:(X, )+ € > - (Wi(p(X), p(¥)))' (65)

By FacfId:

(Wi(X, V) > ~(Wi(p(X), p(¥ )’ (66)
Wi(X,Y) 2 < (Wi(p(X), p(¥))) (67
SinceX andY are arbitraryp is a contraction mapping with metri&’;. ]

Lemma 20 GivenX'...X™, Y. .. Y™ that are probability measures oven/, d), ai ...am €
R, where} ", a; = 1 and if for all 4, a; > 0, and for all7, W}, (X*,Y") is well-defined, then:

1/k
Wi <Z aiXi,ZaiYi> < (Z ai(Wk(Xi,Yi))’“> (68)

Corollary 21 Iffor all i, Wy (X%, Y?) < d,then:
Wi (Z a; X'y am) <d (69)

Proof
By FaclI®, for any > 0, there exists &' € I'(X?, Y'?) such that:

(Wa(X°, Y1) + e > / & (2, y)dr (2, ) (70)

Note that) ", a;y' € e, a; X*, > a;Y"), where we consider addition on functions over mea-
sureable sets iV, d) x (M, d). If we definey* = . a;~*, then:

Zai/dk(x,y)dvi(x,y) = /dk(x,y)dv*(x,y) (71)
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Therefore:

Z (W (X, YY) ) > /dk z,y)dvy* (z,y) (72)
e—|—ZaZVVkXZ Y?)) >/dk:cyd'y (z,y) (73)
(74)

Because/* € I'(Y, a; X", Y, a;Y'):
+3 a; (Wi (X Yk inf /dk z,y)dy(x, 75
e+ a;(Wi(X',Y")) e B sy | C @V (@) (75)
e+ > ai(Wi(X', Y1)k > (Wi( Zale ZalYl (76)

By FacfI9®:

D ai(Wi (X, Y)F > (Wi Zal LY Ytk (77)
(ZaZ(Wk(Xl Y?) ) > Wi ( Zal LY a4t (78)
|

Lemmal@ Given a Radon spacgM,d), if p;...px are contraction mappings with constants
¢1...cp With respect toV,, and) ", a; = 1 wherea; > 0, thenp = Zle a;p; IS a contraction

mapping with a constant of no more théy’, ai(ci)z)l/z.

Corollary @l If for all 4, ¢; < ¢, thenp is a contraction mapping with a constant of no more than

Proof Given an initial measureX, Y, for anyi,

W.(pi(X),pi(Y)) < ;W (X,Y) (79)

. Thus,p(X) = Zle a;p;(X)andp(Y) = Zle a;p;(Y), by LemmdZ2D it is the case that:

E 1/z
W.(p(X),p(Y) < <Z a; (Wz(pi(X)vpi(Y)))z> (80)
By EquatiorZP:

k 1/z
W.(p(X),p(Y)) < ( a; (e;W.(X, Y))Z> (81)

Z; 1/z
< <Z a; (WL (X, Y))Z> (82)

i=1

1/z
<W,(X,Y) <Za1 ¢i) ) (83)
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D More Properties of Wasserstein Metrics

D.1 Kantorovich-Rubinstein Theorem
Define(P, Q) to be:

B(P,Q)= sup
FllF N, <1

[rar- [ fdQ’ (84)

Where|[o[|;, is the Lipschitz constant of the function.

Theorem 22 (Kantorovich-Rubinstein) If), d) is a separable metric space then for any two dis-
tributions P,Q, we havéV, (P, Q) = B(P, Q).

Corollary 23 If d is Euclidean distancel(pp, 1ug) < Wi(P, Q).

The following extends one half of Kantorovich-RubinsteaybndiV .

Theorem 24 For anyi > 1, for any f where|| ||, , “is bounded, for distributions’, Y:
Evex[f(@)] = Byey [f®)] < 1f I, Wa(X,Y))". (85)

Corollary 25 Given two distributionsX, Y, given any Lipschitz continuous functien M — R.:

[Ezexc(z)] = Exey[e(@)]] < L, Wi(X,Y) (86)

Proof Choose an arbitrary> 1. Choose arf where|| f|;;, is bounded, and arbitrary distributions

X,Y. Choose a joint distribution € (M,d) x (M,d) such that the first marginal of is X, and
the second marginal ofis Y. Therefore:

Ezex(f / f(z)dvy(z,y) (87)
Eyev[f /f )dy(z,y) (88)
Esex[f(@)] - Byer ()] = [ F@)dr(o) - [ f@)ar(an) (89)
Ecex[f(z)] = Eyev[f(y)] = /f(af) f)dy(z,y) (90)

By the definiton o, /(+) ~ /(s) < |, &)
Evex|f(0)) = Byer [F0)] < [ 1Flhsp, @ (0,0)d(2.9) (o)

Boex[f(@)] ~ Byer [£0)] < Il [ @'(o)dna.o) (92)

For anye > 0, there exists & such thatW;(z,y))" + ¢ > [ d'(z,y)dy(z,y). Therefore, for any
e>0:

Esex[f(2)] = Eyey [f ()] < IfllLp, Wile,y))" +e (93)

Therefore, if we allowe to approach zero, we prove the theorem. |
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D.2 Wasserstein Distance and Relative Standard Deviation

Before we introduce relative standard deviation, we wamade a few observations about Wasser-
stein distances and point masses. Givea M, definel, € P(M,d) such thatl,(E) = 1 if

x € E,andl,(E) =0if z ¢ E. Givenz € M andY € P(M,d), defineW,(z,Y) = W,(I,,Y).

It is the case that:

W.(2,Y) = (Byey[d (@) (94)
Lemma 26 GivenY € (M,d), x € M, if Pr[d(x,y) < L] =1, thenW,(z,Y) < L.

Corollary 27 Forz,y € M, W, (x,y) = d(z,y).

Proof Sincel'(I,,Y) is a singleton:

1/z
W y) = ([@wnare) (95)
Therefore, we can bountf (z, y) by L*, so:
1/z

W y) < ([rave) (96)

We(a,Y) < (L7)"? (97)

W, (z,Y) <L (98)

|

Let us define theelative standard deviation of X with respect to c to be:
o = VE[(X —¢)?]. (99)
Definep x to be the mean oK. Observe that x = o*.

Fact 28 If 0% is finite, therv§, = Wa (I, X).

Lemma 29 )
0% — o%| < de, ) (100)

Proof By the triangle inequality,Wa(l., X) < Wg(Ic/ X) + Wa(l.,Is). By Fact[Z8,
0% < a§ + Wy (I.,1-). By Corollary[2ZT,0§ < o—X + d(e, ). Similarly, one can show

0% < 0% +d(e, ). [ |
Lemma 30
0y < 0% + Wa(X,Y) (101)
Proof By the triangle inequalityiVs(I.,Y) < Wa(I., X) + W2(X,Y). The result follows from
FaclZ®. [ ]
Theorem 31
ox <ok (102)

Proof We prove this by considering$; a function ofc, and finding the minimum by checking
where the gradient is zero. |
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Theorem 32
oy <ox +Ws(X,Y) (103)

Proof Note thatox = o%*. By Lemmd3D:

o <ol + WL (X,Y) (104)
By Theoreni3llg{" < o, proving the result. [ |

Theorem 33 For anyd, for any P, Q, if W, exists, then:

Proof For anye > 0, there exists g € I'(P, Q) such that:

WiP.Q)' +e 2 [ dapdriay) (106)
By Jensen’s inequality:
Jawnaan = ( [ dwnaen) (107)
Therefore:
((PQ) + e ( [ dtwg)artan) (108)

By definition, W (P, Q) < [ d(z,y)d~(x,y), so:
(Wi(P.Q)" + ¢ > (Wi(P,Q))' (109)
Since for any > 0, this holds, by Fadf19:

(Wi(P,Q))" > (Wi(P,Q))' (110)

Since: > 1, the result follows.

Theorem 34 Supposethak! ... X* are independent and identically distributed random valésb
overR™. Then, ifA = ¢ Zle X?, itis the case thall

pa = px1 (111)
ox1

o4 < . 112

AS (112)

Proof

The first is a well known theoren;4s = ux1 by linearity of expectation. The second part is one of
many direct results of the fact that the variance of two iradefent variableX” andY is the sum of
the variance of the independent variables. |

"Here we mean to indicate the average of the random variaiéthe average of their distributions.
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D.3 Wasserstein Distance and Cesaro Summability

Theorem 35 For any Lipschitz continuous functiom, for any sequence of distributions
{D1, D5 ...} in the Wasserstein metric,lifn; .., D; = D*, then:

Jim Beep,e(x)] = Brep o(z) (113)

Proof Assume that the Lipschitz constant fois c*. By Corollary[Z5, it is the case that:

[Ezep, [¢(z)] = Ezep-[c(z)]| < Wi (Dy, D7) (114)
We can prove that:
lim |Eqep,[e(2)] = Bgep-[e(@)]] < lim ¢*Wy(Dy, D7) (115)
< ¢ lim Wi(Dy, DY) (116)
<c"x0=0 (117)

So, if the distance between the sequefiégcp,[c(z)]}: and the poinfE,cp-[c(x)] approaches
zero, the limit of the sequenceXs, c p-[c(x)].

[ ]
Theorem 36 (Cesairo Sum)Given a sequencéay, as ...} wherelim;_, ., a; = a*, it is the case
that:
1 T
lim —> a; =a’ (118)

Proof

For a givene > 0, there exists an such that for altt’ > t, |ayx — a*| < §. Defin€apegin =
S4,_, ay. Then, we know that, fof” > ¢:

1 T 1 t T
P e (wr > w) @9
t'=1 t'=1 t'=t+1
1 <& 1 a
T ; at = T (abegin + t,:ZtJrl Gt’) (120)
Ly <1 (a4 121
T ; ay < T (begin T t/:Zt_H (a + 5) (121)
1 & 1 . e
T ; ap < T (abegin + (T - t) (G + 5)) (122)
Note that ag” — oo:
i o 0o+ 5)) =t L T (4 8) a2
= 0 X abegin + 1 X (a* n %) (124)
—a" + % (125)

Therefore, since the upper bound on the limit approaehes §, there must exist @ such that for
allT > 1T

T

1 *
T/—H Z Q¢ <a +e€ (126)
t=1
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Similarly, one can prove that there exist§'4 such that for alll” > T, ﬁ Zthll ar > a* —e.
Therefore, the series converges.

Theorem 37 For any Lipschitz continuous functiom, for any sequence of distributions
{D1, D5 ...} in the Wasserstein metric,lifn; .., D; = D*, then:

T
. 1
Jim 73 Bacp, (o)) = Baco- [efa) (127)
Proof This is a direct result of Theoreml35 and Theofein 36. [ ]

E Basic Properties of Stochastic Gradient Descent on SVMs

Vel (w) =  w + (%L(yl,gjﬂwwya:l (128)
Define f such that:
fiw) = Ly, w' - 2") (129)

We assume that for al| for all w, |V f*(w)|| < G. Also, define:

fw) == fiw) (130)

In order to understand the stochastic process, we need &rstadd the batch update. The expected
stochastic update is the batch update. Defin¢o be the expected gradientiat andc(w) to be the
expected cost at.

elw) = Ju + f(w) (131)

Theorem 38 The expected gradient is the gradient of the expected cost.

Proof This follows directly from the linearity of the gradient apéor and the linearity of
expectation. |

The following well-known theorem establishes thas a strongly convex function.
Theorem 39 For anyw, w':
(W' —w)? + gy - (W — w) + c(w) (132)

Proof

Jw? is aA- strongly convex function, and’(w) is a convex function, so thereforgw) is a A-
strongly convex function. Or, to be more thorough, becguiseconvex:

fw') = fw) = V() - (w' —w). (133)
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Defineh(w) = 2w?. Observe that:

2

(') = hlaw) = 5 )7 — Su?

(') — h(w) = S')? = J? o (0 —w) + Do (' )
) = ) = (') = 2~ o+ + - (' = )
(') ~ hw) = S + Ju? = - + - (! —w)

h(w'") — h(w) = %(w’)2 + %wQ —\w-w + Vh(w) - (W' —w)
B(w') — h(w) = 2w’ - w)? + Vh(w) - (' - w)

Theorem 40

~

Proof Note thatVe(w*) = 0. So:

0 = Ve(w®)
0=V (%(w*ﬁ + f(w*)>

0= w4+ Vf(w")—w*
= V/f(w")

Since||Vf(w*)|| < G, itis the case that:

[=Aw™[| < G
Aol <G

G
| <
S

Theorem 41 For anyw, if w* is the optimal point:

Proof By Theoreni:3P:

o

|
o

|
2
.
v

AMw* —w)? < gy - (w —w*)

&,
vV
M| > N >
g-)(-
|
£
[\v]
_|_
e}
g
B
|
S

§
IN
|
| >

(134)
(135)
(136)
(137)
(138)

(139)

(140)

(141)

(142)
(143)

(144)
(145)

(146)
(147)

(148)

(149)

(150)

(151)

(152)



Sincew* is optimal, Ve(w*) = 0, implying:

c(w) > %(w* —w)? 40 (w—w*) + c(w*) (153)
c(w) —c(w*) > %(w* —w)? (154)
Combining Equatioh’T32 and Equation154:
Dt ) < St~ w) 4 g (w— ) (155)
AMw* —w)? < gy - (w —w*) (156)
|
Theorem 42 For anyw:
Ve = Mw —w*)|| <26 (157)
Proof First, observe that:
Ve (w) = w + Vfi(w) (158)
Vel (w) — w < Vi (w) (159)
[V (w) = cw|| <@ (160)
Also, |w*|| < &, implying | Aw*|| < G. Thus, the triangle inequality yields:
(Ve (w) = Mw) + (Aw*)|| < 2@ (161)
[V (w) = Aw —w*)|| < 2G (162)
|

Thus, minus a contraction ratio, the magnitude of the gradébounded. Moreover, in expectation
it is not moving away from the optimal point. These two facifi tielp us to bound the expected
mean and expected squared distance from optimal.

Theorem 43 For anyw, if w* is the optimal point, ang € (0, 1):

(W =1guw) —w*) - (w—w") < (1= nA)(w —w*)? (163)
Proof
From Theorert41,
Mw* —w)? < gy - (w—w™). (164)
Multiplying both sides byy:
nA(w* —w)? < ngy - (w —w") (165)
9w - (w = w") < —pA(w* —w)? (166)
Adding (w — w*) - (w — w*) to both sides yields the result. [ |

Theorem 44 If w, is a state of the stochastic gradient descent algorithg,= 0, A < 1, and
0<n< %, then:

[Jwe ]| < (167)

> Q
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Corollary 45

Ve (wy)| < 2G (168)
Proof First, observe thafwo| < &. We prove the theorem via induction en Assume that the
condition holds for — 1, i.e.that/|w; 1| < % Then,w; is, for somei:
w; < wi_1(1—n\) — V[ (w) (169)
Jwell < 1= Al fJwe—r |l + ] |V (we) | (170)
Since||w;—1[| < § and||V f(w)|| < G, then:
G
hwrll < [1=nAIS + Inl (171)
Sincen > 0andl — nA > 0:
G
hwrll < (1 =N 5 +0G (172)
G
[Jwe]| < B\ (173)
|

F Proof of Theorem[8: SGD is a Contraction Mapping

Theorem[@ For any positive integet, if n < n*, thenp* is a contraction mapping oM, V.,)
with contraction rate(1 — nA). Therefore, there exists a unique;, such thatp*(D;) = D;.

Moreover, ifwy = 0 with probability 1, therV. (D9, D7) = €, andW. (DI, D;) < £(1—nA)7.

Proof The contraction ratd1 — nA) can be proven by applying Lemnid 3, Lemida 5, and
Corollary[8. By Theorer 34w, || < §. Therefore, for any € Dj, ||w|| < §. SinceD) = I,,,,

A ®\ * * G H

itis the case thal. (D}, D;) = W.(0, D};). By Lemmd2ZBW. (D)), D;) < &. By applying the
first half of the theorem and Corollaly B/. (D", D;) < $(1 —nA)™. [ |

G Proof of Theorem[@: Bounding the Error of the Mean

Define % to be a bound on the distance the gradient descent algoridmbe from the origin.
Therefore, we can use the algorithm and analysis ffarn [1hgrewe sayD is the diameter of the
space, and/ is the maximum gradient in that space. However, we will userstant learning rate.

Theorem 46 Given a sequencfr; } of convex cost functions, a domdinthat contains all vectors
of the stochastic gradient descent algorithm, a bouticon the norm of the gradients of in F'.
The regret of stochastic gradient descent algorithm &fteime steps is:
a TnM?  D?
<

Rp = argmax ci(wy) — ep(w*)) < + — 174
T = agma ;(t( t) — ct(w”)) 5 o (174)

Proof
We prove this via a potentidt, = %(wtﬂ — w*)?. First observe that, becauseis convex:

c(w*) > (w* — w)Ver(wy) + e(wy) (175)
ci(wr) — c(w") < (we — w*) Ve (wy) (176)
Rt - Rt—l S (’U}t - w*)Vct(wt) (177)
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Also, note that:
1 1
D, — P, = 2—n(wt — Ve (wg) — w*)? — 2—n(wt —w*)? (178)
By — By_q = —(wy, — w*)Vey(wy) + g(Vct(wt))Q (179)
Adding Equation[147) and Equatidn{179) then cancellimyth, — w*) V¢, (w;) terms yields:
(Re = Ri1) + (& — P41) < (Vct(wt))2 (180)

Summing over alt:

T T

> (Re = Rema) + (@1 = 4-1)) < 3 F(Ver(wy))? (181)

t=1 t=1

o n
RT — RO < ; §(vct(’wt))2 + (I)Q — (I)T (182)
By definition, Ry = 0, and®, > 0, so:

Rr < Z (Ver(wy))? + §o (183)

T n 1

2 *\ 2

RT S Z E(Vct(wt)) + 2—77(’(111 —w ) (184)

t=1

The distance is bounded iy, and the gradient is bounded By, so:

TyM? D2
Rp< 1= 4 — (185)
2 2n

Theorem 47 Givenc; ... ¢, if for everyt € {1...T}, i, is chosen uniformly at random frointo
m, then:

T

Zcit (’LU)

min E
weF

T
min Y ¢, (w ] (186)

Proof Observe that, by definition:

T T
. 1 .
E | min tE:1 ci, (w)] =7 > min ;:1 ci (w) (187)

i1..ir€{l..m}

T
1
< min — Z Z ¢, (w) (188)
i1.ip€{l..m} t=1
T
< mi ;
< min E ; ci, (w)} (189)
|
Theorem 48
Am TE[RT] > Evep; [c(w)] — gleigc(w)- (190)
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Proof

This proof follows the technique of many reductions essdtitig that batch learning can be reduced
to online learning[[B,14], but taken to the asymptotic linkitrst, observe that

T
Z Ciy (w) 5161% Z ciy (w ‘| ) (191)
t=1

because it is easier to minimize the utility after the costssglected. Applying this, the linearity of
expectation, and the definitionsohndeI one obtains:

min E
weF

T
E[Rr] ZZ wey le(w)] =T min c(w). (192)

Taking the Cesaro limit of both sides yields:

cF
=1 v

T
Jim %E[RT] > lim % <Z E,cp: [c(w)] — T min c(w)> : (193)

The result follows from Theorefd 8 and TheorEnh 37:

Theorem 49 If D} is the stationary distribution of the stochastic updatéwgarning rater, then:

M2
5 > Buep; e(w)] — min c(w) (194)
Proof From Theoreri 48, we know:
Am TE[RT] = Evep; [c(w)] — gleigc(w)- (195)
Applying Theoreni Zb:
.1 (TnM?> D? ,
il ) > . — .
Jim L < M 277) > Bucp; [e(w)] — min c(w) (196)
Taking the limit on the left-hand side yields the result. |

Theorem 50 ¢(Eyep;[w]) — minger c(w) < 771;—42

Proof By Theorem@,% > Eyep;le(w)] — mingepc(w).  Sincec is convex, by
Jensen’s inequality, the cost of the mean is less than orl égubhe mean of the cost, formally
Eyep;[e(w)] = ¢(Ewep;[w]), and the result follows by substitution. [ |

Theoreml ¢(E,ep:[w]) — mingern c(w) < 2nG>.

This is obtained by applying Theordml45, and substitugi@igor M.
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H Generalizing Reinforcement Learning

In order to make this theorem work, we have to push the linfiteimforcement learning. In par-
ticular, we have to show that some (but not all) of reinforeeiriearning works if actions can be
any subset of the discrete distributions over the next.statgeneral, the distribution over the next
action is rarely restricted in reinforcement learning. dmtzular, the theory of discounted reinforce-
ment learning works well on almost any space of policiesyaionly show infinite horizon average
reward reinforcement learning works when the function issmtiaction.

If (M, d) is a Radon space, a probability measure P(M, d) is discreteif there exists a countable
setC C S such thatp(C) = 1. Importantly, if a functionk : M — R is a bounded (not
necessarily continuous) function, thBnc ,[R(x)] is well-defined. We will denote the set of discrete
distributions adD (M, d) C P(M,d).

Given a Radon spadgs, d), defineS to be the set of states. Define the actiohs= D(S,d) to
be the set of discrete distributions over For everyw € S, defineA(w) C A to be the actions
available in statev.

We define a policy as a functien: S — A whereo(w) € A(w). Then, we can write a transforma-
tion T, : D(S,d) — D(S,d) such that for any measureable $t7T, (p)(F) is the probability that
w' € F, givenw' is drawn fromo (w) wherew is drawn fromp. Therefore:

T5(p)(E) = Eweplo(w)(E)] (197)

Definery(w, o) = R(w), and fort > 1:

Tt (wv U) = Ew’eT;ﬁ(w) [R(wl)] (198)

Importantly,r,(w, o) € [a,b]. Now, we can define the discounted utility:
T
Varl.,“'y (U}) = Z /Ytrt (w7 0) (199)
t=0

Theorem 51 The sequenck) (w), V2, (w), V. (w) converges.

Proof Sincer; € [a, b], then for anyt, v'r(w, o) < ~'b. ForanyT, T" whereT’ > T

T/
VUTZ:V (U}) - VUTZ:V (U}) = Z /Ytrt (w7 0) (200)
t=T+1
T+1 _ T'+1
o L — (201)
I—v
T+1
<t (202)
L=~

Similarly, V. (w) = VI (w) < —a3=

Thus, for a giver?', forall 7/, 7" > T, |V (w) — VX (w)| < max(—a, b)%.

Therefore, for anye > 0, there exists aI' such that for all7’,7” > T where
|Vf;/(w) - Vf;(w)| < e. Therefore, the sequence is a Cauchy sequence, and hasta limi
since the real numbers are complete. [ |

Therefore, we can define:

Vory(w) = y'ri(w, o) (203)
t=0
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Note that the limit is well-defined, becauBas bounded ovef. Also, we can define:

T
Vo (w) = %H S ri(o,w) (204)
t=0

ConsidenV; to be the Wasserstein metric 6t{S, d).

Theorem 52 If T}, is a contraction operator oP (.S, d), W7 ), and R is Lipshitz continuous of,
thenrq (o, w), r1 (o, w), ra (o, w) . .. converges.

Proof By Theorem[ll, there exists B* such that for allw, lim; .., T (w) = D*. Since
7¢(0,w) = Eyrert (w)[R(w)], by TheoreniL35, this sequence must have a limit. |

Theorem53If 7, is a contraction operator, andR is Lipschitz continuous, then
Vo1 (w), Vea(w), ... converges tdim; o r¢ (0, w).

Proof From Theoren 32, we know there existsrénsuch thatim, ., r; (o, w) = r*. The result
follows from Theoreni.36. [ ]

If T, is a contraction mapping, arfélis Lipschitz continuous, we can define:
V,(w) = Tlim Vo (w) (205)

Theorem 54 If T, is a contraction mapping, anf is Lipschitz continuous, then:
Vo (w) = linll (1 —7)Voy(w) (206)
y—1-

Proof From Theoreni 32, we know there existsransuch that/,, (w) = lim; .o 74 (0, w) = r*.
We can also show théitm.,_,,- (1 — )V, ,(w) = r*.

We will prove that for a giver > 0, there exists & such that(1 — )V, (w) — r*| < e. For§,
there exists @ such that for alt’ > ¢, |ry (o, w) —7*| < §. Thus,

(L= NVonqy(w) =(1-17) Z thrt’ (o, w) (207)
t'=0
t fe%e]
(1= NWVory(w) =1 =D A're(w)+(1=7) > +'re(o,w) (208)
t'=0 t'=t+1
t fe%e]
= NWVar(w) 2 (A=) D at(1-7) Y (" =3) (209)
t’'=0 t'=t+1
(210)

Sincer* = (1 —7) > 1, S

P (L= Van (@) S (1L =7) YA 0 —a) +(1-7) Y 3 (211)
t'=0 t'=t+1
_ At t+1
(=)o) S (=)=~ + (1 -T—F @)
P = (1= Vo () (1 =70 = a) #9715 (213)
(214)
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Note thatlim, ;- (1 — 4*1) = 0, andlim., ;- 7**! =1, so:

lim (1 —~"1(* —a) + 'yHlE = ¢ (215)
y—1— 2 2
Therefore, there existsa< 1 such that foraly’ € (v,1), r* — (1 — )V, 4 (w) < e. S|m|IarIy,

’Y
one can prove there existsyd < 1 such that for ally’ ( 1), ( VW Woy(w) —r* < e
Thuslim,_,;- (1 —¥)Vs 4 (w) =r*

So, the general view is that ferwhich result inl" being a contraction mapping aftbeing a reward
function, all the natural aspects of value functions hol@dwidver, forany o and for any bounded
reward R, the discounted reward is well-defined. What we will do is noeund the discounted
reward using an equation very similar to the Bellman equatio

Theorem 55 Forall w € S:

VU,V(M) = R(w) + YEyer, (w) [Vo,v(w/)] (216)
Proof By definition,
= Z'ytEw’GTg;(w)[R(wl)] (217)
t=0
Vor(w) = R(w) + Y 7' Burery uw) [R(w')] (218)

Note that for any > 1, T (w) = Tt (T, (w)), so:
Euert (w)[R(W")] = Bwer, () [Bwrert—1 ) [R(w”)] (219)
Eert () [RW")] = Byrer, (w)[ri—1(o,w’) (220)

Applying this to the equation above:

Vory(w) = R(w) + Y vY'Eyrer, w)lri-1(o,w')] (221)

Vory(w) = R(w) + 7> " 'Burer, w)lri-1(o,w')] (222)

Vory(w) = R(w) +7Y_ 7' Burer, w)[ri(o,w)] (223)
t=0

By linearity of expectation:

Vory (w) = R(w) + YBurer, ()Y ¥'re(o,w)] (224)
t=0

Vo (w) = R(w) + YBurer, (u) Vo ()] (225)

[ |

The space of value functions for the discount factas V = [= = T 7] ForV €V, fora € A,
we definel (a) = E,eq[V (a)]. We define thesupremum Bellman operatorVy,, : V — V such
thatforallV € V, forallw € S:

Vau(V)(w) = R@w) +7 sup V(a) (226)
acA(w)
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DefineV{,  to bet operations oV gyy,.

sup

Define the metrialy : V x V — R such thatly (V, V') = sup,,cq |V (w) — V'(w)|.

Fact 56 For any discrete distributionX € D(S,d), for any V.V’ € V, E,ex[V'(x)] >
E,ex[V(z)] — dv(V, V).

Theorem 57 V,;, is a contraction mapping under the mettig.

Proof GivenanyV, V' € 'V, for a particulamw € S, SinCeV gy, (V) (w) = R(w) +8up,e 4wy V(@)

|Vsup(V)(w)_Vsup(V/)(w)|: sup V(a) — sup V'(d') (227)
a€A(w) a’€A(w)

Without loss of generalitysup, e 4(.) V(@) > supgecaw) V'(a). Therefore, for any > 0, there
exists aa’ € A(w) suchthal/(a’) > sup,e 4() V(a) —€. By Facl@bV’(a’) > V(a') —dv(V, V'),
andV(a') — dv(V, V') > supsea(w) V(a) — € — dy(V,V’). This impliessup,ea(,) V'(a) >
V(a) — dv(V,V’). Therefore Ve, (V)(w) — V'gup (V) (w) < vdy(V, V'), and Vg, (V) (w) —
Vaup (V') (w) > 0. Therefore, for alke:

[Vaup(V)(w) = Viup (V') (w)] < vdv(V, V'), (228)

which establishes thaf,, is a contraction mapping. [ |

Under the supremum norri,is a complete space, implying th¥t,, as a contraction mapping has
a unique fixed point by Banach'’s fixed point theorem. We callftked pointl/*.

ForV, V' € V,we sayV = V'ifforall w € S, V(w) > V'(w).
Theorem 58 If V' = V', thenV, (V') = Vgup (V7).

Proof We prove this by contradiction. In particular we assume thate exists av € S where
Vaup (V) (w) < Vgup (V') (w). This would imply:

sup Egpco[V(2)] < sup Eueo[V'(2)] (229)
a€A(w) a€A(w)

This would imply that there exists am such thatE,c.[V'(z)] > supy e a(w) Ezea[V(2)] >

E.c.[V(x)]. However, since. € A(w) is a discrete distribution, iV (a) < V'(a), there must be a
point whereV (w') < V'(w’), a contradiction. [ |

Lemma 59 If Vg, (V) = V, then for allt, V!

sup

(V) = VE (V).

sup

Proof We prove this by induction om. It holds for¢ = 1, based on the assumptions in the
lemma. If we assume it holds far then we need to prove it holds for+ 1. By Theoren{ 5B,
sinceV{ (V) = VL 2(V), thenV,, (VL (V) = Ve (VEZ(V)). Of course, this proves our

inductive hypothesis. [ |

Lemma 60 If Vg, (V) = V, then for allt, V!

tap(V) = V, and thereford™ = V.
Proof Again we prove this by induction oty and the base case where= 1 is given in the
lemma. Assume that this holds for— 1, in other words,V! (V) = V. By Lemmal&b,

sup

Vi (V) = VI (V) so by transitivity, VI, (V) = V. "

sup sup sup
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Theorem 61 For anyo: For any V' such that, for alkw € S:

V= Voq. (230)
Proof
We know that for alkw € S:
Vo (0) = R(w) + YEuwrer, (w) Vo, (w)] (231)
Applying Vg, yields:
Viup(Voy)(w) = R(w) +v 5}41](9 )Ew’ea[R(wl)] (232)
acA(w
Becausd,, (w) is a particulaw € A(w):
Viup (Vo) () = R(w) + vBuyrer, (w) Vo, (w')] (233)
Vaup (Vo )(w) = Vo o (w) (234)
Thus, Ve, (Vo ny) = Vi . By LemmdBDV* =V, . [ ]

Theorem 62 If V7 is the fixed point oV, for v, R is Lipschitz continuous, then for anywhere
T, is a contraction mapping, ifim,_.;- (1 — )V exists, then
lim (1 —9)Vy = V,. (235)

y—1-
Proof By TheorenfBH, for alt, lim., ;- (1 — )V, o (w) = V,(w). By Theoren[BILY* = V..
Finally, we use the fact that if, for al, f(z) > g(z), thenlim, .- f(z) > lim, .- g(x). [ |

Theorem 63 If V* is the fixed point oWy, for v, R is Lipschitz continuous, ifm., ;- (1 —~)V;
exists, then for any whereT,, is a contraction mapping, if : P(S,d) — P(M,d) is an extension
of T, which is a contraction mapping, then there exist®ac P(S,d) wheref(D*) = D*, and:

lim (1 —-9)V(w) 2 Evep- [R(w)] (236)
’Y‘)
Proof By Theoreni&R:
linltl (I=mVy = V,. (237)
y—1-

Also by Theorenf83V, = lim;_.o r¢(o,w). By definition, lim oo Eyer: [R(w)]. By Theo-
rem3Blim; oo Eyert [R(w)] = Eyep-[R(w)]. The result follows by combining these bounds.

| Limiting the Squared Difference From Optimal

We want to bound the expected squared distance of the stgfidstributionD}, from the optimal
point. Without loss of generality, assumé = 0. If we defineR(w) = w?, thenE e p;[R(w)] is
the value we want to bound. Next, we defidéw) such thap(w) € A(w).

Instead of tying the proof too tightly to gradient descerg,mnsider arbitrary real-valued parame-
tersM, K, r € [0,1). We defineS = {w € R" : |Jw| < K}. For allw, defineA(w) to be the set
of all discrete distribution& € D(S, d) such that:
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1. E[X -w] < (1 -r)w-w,and
2. | X = (1-=-rw| <M.
We wish to calculate the maximum expected squared valuasoptbcess. In particular, this can be

represented as an infinite horizon average reward MDP, wiheneward at a state is?>. We know
that zero is a state reached in the optimal solution. Thusreeoncerned with boundirig®(0).

Define A(w) to be the set of random variables such that for all randonakese € A(w):

jal <M (238)
Escalr-w] <0 (239)
The Bellman equation, given a discount factois:
* 2 . *
Vi (w) = w” +v a;;l](pw) E[V} (a)] (240)

We can relate this bound on the value to any stationary digtan.

Theorem 64 If p : P(S,d) — P(S,d) is a contraction mapping such that for all € S, p(l,,) €
A(w),

then there exists a unique* € P(S, d) wherep(D*) = D*, and:
lim (1=9)V; (w) > Byep-[u?] (241)
y—1-

This follows directly from Theorefi®3.

Theorem 65 The solution to the Bellman equation (Equafiani240) is:

w N 1 Y
Vi (w) = T <w2 + m]\ﬁ) (242)

Proof In order to distinguish between the question and the answenyrite the candidate from
Equatior24p:

1 2 Y 2
= —M 243
Y L—y(1—7)? <w+1—7 > (243)

Therefore, we are interested in discovering what the Bello@erator does tv,. First of all, define
B(w) to be the set of random variables such that for all randonabéesh € B(w):

bl < M (244)
E,cp[z-w] <0 (245)

Thus, for everya € A(w), there exists @ € B(w) such thata = (1 — r)w + b, and for every
b € B(w), there exists an € A(w) such thaw = (1 — r)w + b. Therefore,

sup E[V,(a)] = sup E[V,((1—-7r)w+a)] (246)
acA(w) a€B(w)
= ! R Y : sup E[((1 —r)w + a)?] (247)
1—y(1=r)3*1-1n 1—=7(1=7)? seB(w)

Expanding the last part:

sup E[(1 —r)w+a))]= sup (1 —7r)*w?+2(1—7)E[w-a] + Eld?] (248)
a€B(w) a€B(w)
By Equation[[Z3B):
sup E[((1 —r)w+a)?] < sup (1—7r)?w? +2(1 —7)E[w-a] + M? (249)
a€B(w) a€B(w)
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By Equation[[Z3PB):

sup E[((1 —r)w+a)?] < sup (1 —r)*w? + M? (250)
a€B(w) a€B(w)
sup E[((1 — r)w +a)?] < (1 —7)*w? + M? (251)
a€B(w)
Also, note that ifPrla = pirw] = Prla = —ifw] = 0.5, then
E[(1-rw+a)?] =1 —-r)w+M)?*+ (1 -r)w— M)>? (252)
= (1 —r)2w?+ M2 (253)

Thus,sup,e 4(,) E[(1 = r)w + a)?] = (1 — r)*w® + M?. Plugging this into Equatiof{2h7):

! T2 L 2,2 2
sup ElV;(a)] = —— (I =r)w+ M 254
a€ A(w) ) L—y(l=r)?l-n 1—~(1—r)? (@=r) ) (254
1 1 1
= M2 4 — = (1 — )22 255
1—y(1=r)21-—v +1—7(1—7°)2( )W (255)

Plugging this into the recursion yields:

1 1 1
w? 4+~ sup E[V.(a :w2—|—7< M2+ 1—r2w2)
acA(w) V(@) 1—y1—=7r)21—x 1—’}/(1—1")2( )
(256)
w? +~ sup E[V,(a)] = ;uﬂ + 1 Y2 (257)
wcAw) 1—y(1—r) 1-7(1—r21—~
w? +v sup E[V,(a)] =V, (w) (258)
acA(w)
ThereforeV, satisfies the supremum Bellman equation. m

Theorem 66 If p : P(S,d) — P(S,d) is a contraction mapping such that for all € S, p(7,,) €
A(w),

then there exists a unique* € P(S, d) wherep(D*) = D*, and:

Ener-[u?] < o ) (259)
Proof By Theoreni6l:

Euep-[w?] < lim (1=7)V; (w) (260)

By Theoreni®b, for any:
Eyep-[w?] < 711:?7(1 - V)ﬁ <w2 + ﬁMg) (261)
Bvep-[u?] < lim ﬁ (1 = y)w? + 7M7) (262)
Buepr 0] < Tz (00") +102) (269)
Buep-[w] < 1_5‘147_)2 (264)
Ener-[u?] < 0 ) (265)
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Theorem[ID The average squared distance of the stationary distanee ftee optimal point is
bounded by:
4nG?
(2 =N
In other words, the squared distance is boundedioyG? /).

Proof

By TheorenT2P and Theorelnl43, the stationary distributiothefstochastic process satisfies the
constraints of Theorefl b6 with= n\ andM = 2nG. Thus, substituting into Theoreml66 yields
the result. |

J Application to Stochastic Gradient Descent

An SVM has a cost function consisting of regularization avesb|

A 2 1 - 7 7 7
c(w):§w +E;L(y,w ~at) (266)
In this section, we assume that we are trying to find the optiveaght vector given an SVM:

argmin c(w) (267)

In the following, we assumg’ € {—1,+1}, 2" - 2" = 1, andL(y, §) = 3(max(1 — yg,0))? is
convex ing, and%g’@) is Lipschitz continuous. At each time step, we select amiformly at
random betweem andm and take a gradient step with respect to:

é(w) = Ju? + L(y' w-a) (268)
Define fi(w) = L(y*,w - z*). In other words:
Vel (w) = \w + Vfi(w) (269)
This results in the update:
Wt = wt — (O + Vi (w) (270)

In our caseV fi(w) = :cia%L(yi,g). Define’ such that:
¢'(w) = w —n(w + Vf(w)) (271)

In what will follow, we assume tha{V f*(w)|| and HVfi(w)HLip are both bounded. This will
require bounds ofjz’||.

In the first section, we analyze how stochastic gradientatdss a contraction mapping. In the
second section, we analyze the implications of this result.

K Putting it all Together

Theorem 67
2,./nG
< L (272)



Corollary 68 If n < n*, then(1 —n\) > 0, and:

2,./nG
op- < ﬂ (273)
n \/X
Proof By Theorenﬂﬂlagi > 0op;. The result follows from Theorem11L0. [ ]

Define D! to be the distribution of the stochastic gradient descedatepafter iterations, and)?7
to be the initial distribution.

Theorem 69 If wy = 0, thenWy (DY, D;) < §, andW: (DY, D) < §.

Proof By Theoren[ZU|w,|| < &. Therefore, for anyw € D}, |w|| < &. The result follows

directly. |

Theorem 70 If sz is the distribution of the stochastic gradient descent updsdtert iterations,
andn < n*, then:

d(ppt, ppy) < ~ (1 —n))* (274)

> Q

opy < opy + 5 (1) (275)

Corollary 71 If wg = 0, then by Theoreln$9 and Corolldryl68:

G
d(upy, ppy) < ~(1 = )’ (276)
2,mG G .
opt < ——+ —(1 —nA 277
D} I )\( nA) (277)
Proof
Note that by Theoreiid 8:
N G
Wi (D;, D) < X(l -\ (278)
Equatior 27K follows from Corollaiy 23.
Similarly by Theorenil8:
W (D5, Dy) < Wa(D§), Di)(1 —nA). (279)
EquatiorZ7b follows from Theoreml132. [ |

Theorem[I] Given a cost function such thatc[|;;, and|[V¢|;, are bounded, a distributio®
such thatop and is bounded, then, for any

Eyep[e(w)] — mine(w) S(U%)\/2 Vel (e(v) = mine(w))

IVellip
2

(9)? + (c(v) — min c(w)) (280)

Proof First, we observe that, for any, sinceVc is Lipschitz continuous:

c(w') —c(v) = /e[o ; Ve(a(w' —v)) +v) - (w' —v)da (281)
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For anyw”, by definition of Lipschitz continuity| Ve(w”) — Ve(v)|| < [[Ve|l, [w” — ||, so by

the triangle inequality:
V()| = IVe@)ll < [[Velly, [lw” = vl
Applying this toa(w’ — v) + v for a € [0, 1] yields:
IVe(a(w' —v) + o)l = [Ve() || < [IVell, lla(w” = v)]|
IVe(a(w' —v) + o)l = [Ve)|| < Vel all(w' = o)
Thus, by the Cauchy-Schwartz inequality:
Ve(a(w' —v) +0) - (w' —v) < ([Vell g, allw’ =] + [ Ve@)]) [lw" - v] .

(282)

(283)
(284)

(285)

If f,g are integrable, real valued functions, and (f:) < g(x) for all z € [a, ], thenff flx)dz <

f: g(x)dx. Therefore:

c(w') = c(v) S/ [ ](IIVCHLipan’ — o[l + [IVe@)]) [lw" - v da (286)
ac|0,1
1
c(w') = e(v) < (5 Vel 1w = oll + [Ve(o) ) 1w’ = ol (287)
1
c(w') = e(v) < 5 Vel (Iw' = vl))* + [[Ve(@)]) o' = v] (288)
We break this down into three piecesca(w') = 5 [|[Velly, (v —o])?, a@) =
[[Ve()]] |w" = v||, andeg(w') = ¢(v) (i.eco is constant). Therefore:
c(w') < co(w') + er(w') + ea(w') (289)
By CorollarylZd and|c1 ||, = [[Ve(v):
Eweplei(w')] = e1(v) < lerllpy, Wi(D,v) (290)
Note that]c|,, = 3 [Velly;, Using the extension of Kantorovich-Rubinstein:
Eyeplez(w')] = e2(v) < ez, (Wa(D,v))? (291)
Because is a constant function:
Ewepleo(w')] — co(v) =0 (292)
Thus, putting it together:
Euweple(w')] = c(v) < |leall,, (Wa(D,v) + llexllpy, Wi (D, v) (293)
1
Eureple(w’)] = e(v) < 5 [Vellyy, (Wa(D, v))* + [[Ve(v) || Wi (D, v) (294)
Since by Fadt28WV> (D, v) = 0%, and by Theorefi33¥>(D, v) > W (D, v), So:
1
Eyeple(w’)] = c(v) < 5 [Velly, (05)* + | Ve(v) || o (295)
By TheoreniIB:
IVe()ll < /21Velly, le(v) = mine(w)]. (296)
1 -
Eueple(w')] = o(v) < 5 Vel (0B)° + 0B \/2 IVellLip [e(v) — min c(w)] (297)
Adding ¢(v) — min,, ¢c(w) to both sides yields the result. [ |
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Ink—(Inn+In ).
20

: 8nG ool
EweDg‘,k[C(U})] - IIEHC Vel

N 877G2 IVellLip
kX

Theorem 72 If n < n* andT =

+ (2nG?). (298)

Proof DefineD}f”“ to be the average dfdraws fromD!". By Theoreni34:

fpTk = (DT (299)
Oprk = %ng (300)
Applying Corollary[71:
G
d(ppr, poy) < 3 (1 —nA)" (301)
1 (270G G -
e < — 1—nA 302
rpp < o= (2 + S -7 (302)
Sincel — nA € [0,1], exp(—nA) <1 —nA, so:
G
d(MDg,hMD;) < B exp(—nAT) (303)
1 (270G
e < — | —4— + — T 304
spgn < o= (2 + Sexp-min) ) (304)

Note thatagl;’?k Soprs+ d(uDT,k_uD*). So:
n

KD 1 2\/—G G
e < —= | —F—+~+ AT — —nA\T 305
i < o (B + S exponm)) + S expl-m) (305)
HD* 2\/_G 2G
DT e < W + By exp(— 77)‘T) (306)
Setting? = w yields:
« 4
oo, < I (307)
Dy VEX

By TheorentTlL:
B e pple(w)] = minc(u) (7)), 2Vely, (rn;) — mincu)

Vel x
I ||L1p (Ug?k)z + (C(MD;) — ngn c(w)) (308)

2
4,/nG :
< 2|V . w) —
<=\ Vel (eln;) = minc(w))
Ve in 16 G?
%% + (e(up;) — mine(w)).  (309)

By TheoreniB¢(up; ) — min,, c(w) < 2nG*:

. 4/nG IVelly;, 160G
B e ole(w)] — minc(u) <2 2 [Vel (20G2) + gt G0 ¢ 2062 (310
877G 8nG? ||VCHLip 2
< Vel + = + (6. (311)
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